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We are interested in the diffusion--aggregation equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t \rho = {\varDelta }\rho ^m +\chi \nabla \cdot \left( \rho \, \nabla S_k[\rho ]\right) \end{aligned}$$\end{document}$$for a density $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho (t,x)$$\end{document}$ of unit mass defined on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}_+ \times {\mathbb {R}}^N$$\end{document}$, and where we define the mean-field potential $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi >0$$\end{document}$ denotes the interaction strength. Since ([1.1](#Equ1){ref-type=""}) conserves mass, is positivity preserving and invariant by translations, we work with solutions $\documentclass[12pt]{minimal}
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                \begin{document}$$W_k$$\end{document}$ is given by the Riesz kernel$$\documentclass[12pt]{minimal}
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                \begin{document}$$s\in \left( 0,\frac{N}{2}\right) $$\end{document}$. Then the convolution term $\documentclass[12pt]{minimal}
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                \begin{document}$$S_k[\rho ]$$\end{document}$ is governed by a fractional diffusion process,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla S_k[\rho ]:= \nabla \left( W_k *\rho \right) $$\end{document}$ is well defined locally. For $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in \left( -N,1-N\right] $$\end{document}$ however, it becomes a singular integral, and we thus define it via a Cauchy principal value,$$\documentclass[12pt]{minimal}
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                \begin{document}$$N \ge 1$$\end{document}$. The corresponding energy functional writes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{\mathcal {H}}}_m[\rho ]=\frac{1}{m-1} \int _{{\mathbb {R}}^N} \rho ^m(x)\, dx, \quad {{\mathcal {W}}}_k[\rho ]=\frac{1}{2}\iint _{{\mathbb {R}}^N \times {\mathbb {R}}^N} \frac{|x-y|^{k}}{k}\rho (x)\rho (y)\, dxdy\, . \end{aligned}$$\end{document}$$Given $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \in {{\mathcal {Y}}}$$\end{document}$, we see that $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathcal {W}}}_k$$\end{document}$ are homogeneous by taking dilations $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho ^\lambda (x):=\lambda ^N \rho (\lambda x)$$\end{document}$. More precisely, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$N(m-1)=-k$$\end{document}$. This is the case for choosing the critical diffusion exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$m_c:=1-k/N$$\end{document}$ called the *fair-competition regime*. In the *diffusion-dominated regime* we choose $\documentclass[12pt]{minimal}
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                \begin{document}$$m>m_c$$\end{document}$, which means that the diffusion part of the functional ([1.3](#Equ3){ref-type=""}) dominates as $\documentclass[12pt]{minimal}
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                \begin{document}$$0<m<m_c$$\end{document}$ is referred to as the *attraction-dominated regime*. In this work, we focus on the diffusion-dominated regime $\documentclass[12pt]{minimal}
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Further, we define below the diffusion exponent $\documentclass[12pt]{minimal}
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                \begin{document}$$m^*$$\end{document}$ that will play an important role for the regularity properties of global minimisers of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m^*:= {\left\{ \begin{array}{ll} \frac{2-k-N}{1-k-N}, &{}\quad \text {if} \quad N\ge 1 \quad \text {and} \quad -N<k<1-N, \\ + \, \infty &{}\quad \text {if} \quad N\ge 2 \quad \text {and} \quad 1-N\le k <0\, . \end{array}\right. } \end{aligned}$$\end{document}$$The main results in this work are summarised in the following two theorems:

Theorem 1 {#FPar1}
---------
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Diffusion-aggregation at the top equations of the form ([1.1](#Equ1){ref-type=""}) are ubiquitous as macroscopic models of cell motility due to cell adhesion and/or chemotaxis phenomena while taking into account volume filling constraints \[[@CR10], [@CR29], [@CR45]\]. The non-linear diffusion models the very strong localised repulsion between cells while the attractive non-local term models either cell movement toward chemosubstance sources or attractive interaction between cells due to cell adhension by long filipodia. They encounter applications in cancer invasion models, organogenesis and pattern formation \[[@CR18], [@CR24], [@CR28], [@CR42], [@CR46]\].

The archetypical example of the Keller--Segel model in two dimensions corresponding to the logarithmic case $\documentclass[12pt]{minimal}
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In fact, as mentioned before two other different regimes appear: the diffusion-dominated case when $\documentclass[12pt]{minimal}
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In the diffusion-dominated case, it was already proven in \[[@CR16]\] that global minimisers exist in the particular case of $\documentclass[12pt]{minimal}
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                \begin{document}$$-N<k<2-N$$\end{document}$ not included in \[[@CR17]\] due to the special treatment needed for the arising singular integral terms. This is the main goal of Sect. [2](#Sec2){ref-type="sec"} where we remind the reader the precise definition and basic properties of stationary states for ([1.1](#Equ1){ref-type=""}). In short, we show that stationary solutions are continuous compactly supported radially non-increasing functions with respect to their centre of mass. Some of these results are in fact generalisations of previous results in \[[@CR12], [@CR17]\] and we skip some of the details.

Let us finally comment that the symmetrisation result reduces the uniqueness of stationary states to uniqueness of radial stationary states that eventually leads to a full equivalence between stationary states and global minimisers of the free energy ([1.3](#Equ3){ref-type=""}). This was used in \[[@CR17]\] to solve completely the 2D case with $\documentclass[12pt]{minimal}
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In view of the main results already announced above, we show in Sect. [3](#Sec5){ref-type="sec"} the existence of global minimisers for the full range $\documentclass[12pt]{minimal}
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Besides existence of minimisers, Sect. [3](#Sec5){ref-type="sec"} contains some of the main novelties of this paper. First, in order to prove boundedness of minimisers, we develop a fine estimate on the interaction term based on the asymptotics of the Riesz potential of radial functions, and show that this estimate is well suited exactly for the diffusion dominated regime (see Lemma [2](#FPar21){ref-type="sec"} and Theorem [7](#FPar23){ref-type="sec"}). Moreover, thanks to the Schauder estimates for the fractional Laplacian, we improve the regularity results for minimisers in \[[@CR12]\] and show that they are smooth inside their support, see Theorem [10](#FPar31){ref-type="sec"}. This result applies both to the diffusion-dominated and fair-competition regime.

These global minimisers are candidates to play an important role in the long-time asymptotics of ([1.1](#Equ1){ref-type=""}). We show their uniqueness in one dimension by optimal transportation techniques in Sect. [4](#Sec9){ref-type="sec"}. The challenging open problems remaining are uniqueness of radially non-increasing stationary solutions to ([1.1](#Equ1){ref-type=""}) in its full generality and the long-time asymptotics of ([1.1](#Equ1){ref-type=""}) in the whole diffusion-dominated regime, even for non-singular kernels within the fast diffusion case.

Plan of the paper: In Sect. [2](#Sec2){ref-type="sec"} we define and analyse stationary states, showing that they are radially symmetric and compactly supported. Section [3](#Sec5){ref-type="sec"} is devoted to global minimisers. We show that global minimisers exist, are bounded and we provide their regularity properties. Eventually, Sect. [4](#Sec9){ref-type="sec"} proves uniqueness of stationary states in the one-dimensional case.

Stationary states {#Sec2}
=================

Let us define precisely the notion of stationary states to the diffusion--aggregation equation ([1.1](#Equ1){ref-type=""}).

Definition 1 {#FPar3}
------------
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In fact, as shown in \[[@CR12]\] via a near-far field decomposition argument of the drift term, the function $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar4}
-------
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Lemma [1](#FPar4){ref-type="sec"} implies further regularity properties for stationary states of ([1.1](#Equ1){ref-type=""}). For precise proofs, see \[[@CR12]\].

Proposition 1 {#FPar5}
-------------
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It follows from Proposition [1](#FPar5){ref-type="sec"} that $\documentclass[12pt]{minimal}
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Radial symmetry of stationary states {#Sec3}
------------------------------------

The aim of this section is to prove that stationary states of ([1.1](#Equ1){ref-type=""}) are radially symmetric. This is one of the main results of \[[@CR17]\], and is achieved there under the assumption that the interaction kernel is not more singular than the Newtonian potential close to the origin. As we will briefly describe in the proof of the next result, the main arguments continue to hold even for the more singular Riesz kernels $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar6}

(Radiality of stationary states) Let $\documentclass[12pt]{minimal}
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### Proof {#FPar7}

The proof is based on a contradiction argument, being an adaptation of that in \[[@CR17], Theorem 2.2\], to which we address the reader the more technical details. Assume that $\documentclass[12pt]{minimal}
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Stationary states are compactly supported {#Sec4}
-----------------------------------------

In this section, we will prove that all stationary states of Eq. ([1.1](#Equ1){ref-type=""}) have compact support, which agrees with the properties shown in \[[@CR16], [@CR17], [@CR33]\]. We begin by stating a useful asymptotic estimate on the Riesz potential inspired by \[[@CR50], § 4\]. For the proof of Proposition [2](#FPar8){ref-type="sec"}, see Appendix [1](#Sec12){ref-type="sec"}.

### Proposition 2 {#FPar8}
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From the above estimate, we can derive the expected asymptotic behaviour at infinity.

### Corollary 1 {#FPar9}
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### Proof {#FPar10}

Notice that Proposition [2](#FPar8){ref-type="sec"}(i) entails the decay of the Riesz potential at infinity for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-N<k<0$$\end{document}$. Instead, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-N<k\le 1-N$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\in (1-k-N,1)$$\end{document}$ and notice that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|y|^{k}\le |y|^{k+r}$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|y|\ge 1$$\end{document}$, so that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_1$$\end{document}$ is the unit ball centered at the origin we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} |x|^k*\rho (x)&\le \int _{B_{1}}\rho (x-y)|y|^{k}\,dy+\int _{B_1^C}\rho (x-y)|y|^{k+r}\,dy\\&\le \left( \sup _{y\in B_1}\rho (x-y)\right) \int _{B_1}|y|^{k}\,dy+(W_{k+r}*\rho )(x). \end{aligned} \end{aligned}$$\end{document}$$The first term in the right hand side vanishes as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x|\rightarrow \infty $$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\mapsto |y|^{k}$$\end{document}$ is integrable at the origin, and since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is radially non-increasing and vanishing at infinity as well. The second term goes to zero at infinity thanks to Proposition [2](#FPar8){ref-type="sec"}(i), since the choice of *r* yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k+r>1-N$$\end{document}$.
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As a rather simple consequence of Corollary [1](#FPar9){ref-type="sec"}, we obtain:
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Global minimisers {#Sec5}
=================

We start this section by recalling a key ingredient for the analysis of the regularity of the drift term in ([1.1](#Equ1){ref-type=""}), i.e. certain functional inequalities which are variants of the Hardy-Littlewood-Sobolev (HLS) inequality, also known as the weak Young's inequality \[[@CR36], Theorem 4.3\]: for all $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar13}
---------
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Proof {#FPar14}
-----

The inequality is a direct consequence of the standard sharp HLS inequality and of Hölder's inequality. It follows that $\documentclass[12pt]{minimal}
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Existence of global minimisers {#Sec6}
------------------------------

### Theorem 5 {#FPar15}

(Existence of global minimisers) For all $\documentclass[12pt]{minimal}
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We follow the concentration compactness argument as applied in Appendix A.1 of \[[@CR33]\]. Our proof is based on \[[@CR38], Theorem II.1, Corollary II.1\]. Let us denote by $\documentclass[12pt]{minimal}
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### Theorem 6 {#FPar16}
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### Proposition 3 {#FPar17}

(see \[[@CR38], Corollary II.1\]) Suppose there exists some $\documentclass[12pt]{minimal}
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### Proof of Theorem 5 {#FPar18}

First of all, notice that our choice of potential $\documentclass[12pt]{minimal}
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### Proposition 4 {#FPar20}
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Boundedness of global minimisers {#Sec7}
--------------------------------

This section is devoted to showing that all global minimisers of $\documentclass[12pt]{minimal}
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We are now in a position to prove that any minimiser of $\documentclass[12pt]{minimal}
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### Theorem 7 {#FPar23}
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Regularity properties of global minimisers {#Sec8}
------------------------------------------

This section is devoted to the regularity properties of global minimisers. With enough regularity, global minimisers satisfy the conditions of Definition [1](#FPar3){ref-type="sec"}, and are therefore stationary states of Eq. ([1.1](#Equ1){ref-type=""}). This will allow us to complete the proof of Theorem [1](#FPar1){ref-type="sec"}.

We begin by introducing some notation and preliminary results. As we will make use of the Hölder regularising properties of the fractional Laplacian, see \[[@CR48], [@CR51]\], the notation$$\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar25}
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### Remark 2 {#FPar27}
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### Remark 3 {#FPar28}
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We are now ready to show that global minimisers possess the good regularity properties to be stationary states of equation ([1.1](#Equ1){ref-type=""}) according to Definition [1](#FPar3){ref-type="sec"}.
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### Proof {#FPar30}
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In fact, we can show that global minimisers have even more regularity inside their support.

### Theorem 10 {#FPar31}
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### Proof {#FPar32}

By Theorem [8](#FPar25){ref-type="sec"} and Remark [2](#FPar27){ref-type="sec"}, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in C^{0,\alpha }({\mathbb {R}}^N)$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (0,1)$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is radially symmetric non-increasing, the interior of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{supp\ }(\rho )$$\end{document}$ is a ball centered at the origin, which we denote by *B*. Note also that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in L^1({\mathbb {R}}^N) \cap L^\infty ({\mathbb {R}}^N)$$\end{document}$ by Theorem [7](#FPar23){ref-type="sec"}, and so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k[\rho ] \in L^\infty ({\mathbb {R}}^N)$$\end{document}$ by Lemma [1](#FPar4){ref-type="sec"}.

Assume first that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in (0,1)\cap (0,N/2)$$\end{document}$. Applying ([3.25](#Equ38){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R$$\end{document}$ centered at a point within *B* and such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R\subset \subset B$$\end{document}$, we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k[\rho ]\in C^{0,\gamma }(B_{R/2})$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma <\alpha +2s$$\end{document}$. It follows from the Euler--Lagrange condition ([3.5](#Equ18){ref-type=""}) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho ^{m-1}$$\end{document}$ has the same regularity as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k[\rho ]$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{R/2}$$\end{document}$, and since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is bounded away from zero on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{R/2}$$\end{document}$, we conclude $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in C^{0,\gamma }(B_{R/2})$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma <\alpha +2s$$\end{document}$. Repeating the previous step now on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{R/2}$$\end{document}$, we get the improved regularity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k[\rho ]\in C^{0,\gamma }(B_{R/4})$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma <\alpha +4s$$\end{document}$ by ([3.25](#Equ38){ref-type=""}), which we can again transfer onto $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ using ([3.5](#Equ18){ref-type=""}), obtaining $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in C^{0,\gamma }(B_{R/4})$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma <\alpha +4s$$\end{document}$. Iterating, any order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ of differentiability for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{k}$$\end{document}$ (and then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$) can be reached in a neighborhood of the center of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R$$\end{document}$. We notice that the argument can be applied starting from any point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{0}\in B$$\end{document}$, and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in C^{\infty }(B)$$\end{document}$.

When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N\ge 3$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s \in [1,N/2)$$\end{document}$, we take numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_1,\ldots , s_l$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_i\in (0,1)$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\ldots , l$$\end{document}$ and such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{i=1}^l s_i=s$$\end{document}$. We also let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_k^{l+1}[\rho ]:=S_k[\rho ], \quad S_k^j[\rho ]:={\varPi }_{i=j}^l (-{\varDelta })^{s_j} S_k[\rho ], \quad \forall \, j \in \{1, \dots , l\}\, . \end{aligned}$$\end{document}$$Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k^1[\rho ]=\rho $$\end{document}$. Note that Lemma [1](#FPar4){ref-type="sec"}(i) can be restated as saying that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in {{\mathcal {Y}}}\cap L^\infty ({\mathbb {R}}^N)$$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-{\varDelta })^{-\delta } \rho \in L^\infty ({\mathbb {R}}^N)$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta \in (0,N/2)$$\end{document}$. Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta =s-r$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \in (0,s)$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-{\varDelta })^{r}S_k[\rho ] =(-{\varDelta })^{r-s}\rho \in L^\infty $$\end{document}$. In particular, this means $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k^j[\rho ]\in L^\infty ({\mathbb {R}}^N)$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=1,\ldots , l+1$$\end{document}$. Moreover, there holds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (-{\varDelta })^{s_j} S_k^{j+1}[\rho ]=S_k^j[\rho ], \quad \forall \, j \in \{1, \dots , l\}\, . \end{aligned}$$\end{document}$$Therefore we may recursively apply ([3.25](#Equ38){ref-type=""}), starting from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_k^1[\rho ]=\rho \in C^{0,\alpha }(B_R)$$\end{document}$, where the ball $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R$$\end{document}$ is centered at a point within *B* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R\subset \subset B$$\end{document}$, and using the iteration rule$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&S_k^j[\rho ] \in C^{0,\gamma }(B_\sigma ) \; \Rightarrow \, S_k^{j+1}[\rho ] \in C^{0,\gamma +2s_j}\left( B_{\sigma /2}\right) \\&\quad \forall \, j \in \{1, \dots , l\}, \quad \forall \,\gamma >0 \text{ s.t. } \, \gamma +2s_j \, \text{ is } \text{ not } \text{ an } \text{ integer, }\, \quad \forall \, B_\sigma \subset \subset B. \end{aligned}$$\end{document}$$We obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_{k}^{l+1}[\rho ]=S_k[\rho ]\in C^{0,\gamma }(B_{R/(2^l)})$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma <\alpha +2s$$\end{document}$, and as before, the Euler--Lagrange Eq. ([3.5](#Equ18){ref-type=""}) implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in C^{0,\gamma }(B_{R/(2^l)})$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma <\alpha +2s$$\end{document}$. If we repeat the argument, we gain 2*s* in Hölder regularity for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ each time we divide the radius *R* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2^l$$\end{document}$. In this way, we can reach any differentiability exponent for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ around any point of *B*, and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \in C^{\infty }(B)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 4 {#FPar33}

We observe that the smoothness of minimisers in the interior of their support also holds in the fair-competition regime $\documentclass[12pt]{minimal}
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The main result Theorem [1](#FPar1){ref-type="sec"} follows from Theorem [3](#FPar6){ref-type="sec"}, Corollary [2](#FPar11){ref-type="sec"}, Theorem [5](#FPar15){ref-type="sec"}, Proposition [4](#FPar20){ref-type="sec"}, Theorem [7](#FPar23){ref-type="sec"}, Theorem [9](#FPar29){ref-type="sec"} and Theorem [10](#FPar31){ref-type="sec"}.

Uniqueness {#Sec9}
==========

Optimal transport tools {#Sec10}
-----------------------

Optimal transport is a powerful tool for reducing functional inequalities onto pointwise inequalities. In other words, to pass from microscopic inequalities between particle locations to macroscopic inequalities involving densities. This sub-section summarises the main results of optimal transportation we will need in the one-dimensional setting. They were already used in \[[@CR11]\] and in \[[@CR13]\], where we refer for detailed proofs.
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### Lemma 3 {#FPar34}
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Functional inequality in one dimension {#Sec11}
--------------------------------------

In what follows, we will make use of a characterisation of stationary states based on some integral reformulation of the necessary condition stated in Proposition [4](#FPar20){ref-type="sec"}. This characterisation was also the key idea in \[[@CR11], [@CR13]\] to analyse the asymptotic stability of steady states and the functional inequalities behind.

### Lemma 4 {#FPar35}

(Characterisation of stationary states) Let $\documentclass[12pt]{minimal}
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The proof follows the same methodology as for the fair-competition regime \[[@CR13], Lemma 2.8\] and we omit it here.

### Theorem 11 {#FPar36}
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### Proof {#FPar37}
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### Proof {#FPar39}
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Theorem [11](#FPar36){ref-type="sec"} and Corollary [3](#FPar38){ref-type="sec"} complete the proof of the main result Theorem [2](#FPar2){ref-type="sec"}.

Properties of the Riesz potential {#Sec12}
=================================
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Proof of Proposition 2 {#FPar40}
----------------------
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